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STANDARD MODEL
OF ELEMENTARY PARTICLES AND FUNDAMENTAL INTERACTIONS

Name Mass
GeV/c²

Electric
Charge

H0, H+ ⇡ 126 0,+1

Higgs Boson spin = 0
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IT’S NOT THE END OF THE STORY...
Standard Model is incomplete: 

•  SM turns out to be extremely fine-tuned (hierarchy problem)

• CP violation and matter-antimatter asymmetry (SM is 
symmetric w.r.t. matter-antimatter but the Universe is not)

• Cosmology: known matter is only small part of the Universe!

4%
23%73% Dark Matter

Baryonic Matter

Dark Energy
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• Collider searches: 
accelerate known particles to produce heavy new particles

SEARCHES FOR NEW PHYSICS

A typical p-p event in the CMS 
detector @ LHC

Higgs boson with mass 
~ 126 GeV observed

No new particles (few 100’s GeV) observed yet - quest continues
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SEARCHES FOR NEW PHYSICS
• Astrophysics searches: 

observe signals of new particles coming from the space

No new particles observed yet
< 300 GeV 
- quest continues
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SEARCHES FOR NEW PHYSICS

 Low energy tests: 

 deviations from SM predictions 
set constraint onto quantum 
fluctuations due to unknown 
heavy particles

Precision = scale of New Physics

Precision in BOTH experiment and SM theory becomes crucial

?
Theory (SM)

Experiment

Coupling g

Mass Λ
⇠ g2

⇤2
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LOW ENERGY PRECISION TESTS
Parity-Violating Electron Scattering

QWEAK,  PVDIS, HAPPEX, PREX, G0 @ JLab; A4 @ Mainz; SAMPLE @ MIT-
Bates; E158 @ SLAC; 

Future: QWEAK @ Mainz, PVDIS (Hall C), Møller @ JLab

Measurements of the PV asymmetry in 
elastic electron scattering to extract:
- weak mixing angle;
- nucleon’s strange FFs;

Probe the scale of New Physics
-  few TeV

QWEAK apparatus
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LOW ENERGY PRECISION TESTS

Neutrino Oscillation Experiments
NuTeV, LSND, Daya Bay, MiniBooNE, SciBooNE, NOvA, SNO, Super-K, OPERA, 

NEMO, MINOS, Ice Cube, Borexino, ANTARES, Double Chooz

Measurements of neutrino 
oscillation parameters: 
- masses; 
- neutrino mixing angles;
- Dirac vs. Majorana neutrino 

MiniBooNE detector
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LOW ENERGY PRECISION TESTS

nEDM, eEDM - 
@ PSI, ORNL, ILL,... Dark Photon Search

@ JLab, Mainz, ...

Muonic g-2 
@ BNL, Fermilab

Lamb shift in muonic 
atoms @ PSI

Precision tests 
of QED

New Physics at 
Low Energies
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THEORY SUPPORT TO LOW ENERGY TESTS

• Precision calculations of observables in the kinematics of 
atomic, nuclear and hadronic experiments are needed!

• Appropriate model-independent methods for strong 
interacting systems with reliable error estimation 

• Requires understanding QCD in the non-perturbative regime

?
Theory (SM)

ExperimentLeave to the experimentalists 
gauging the scale

Theorists: gauge the weights!



Proton Radius Puzzle
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Proton Charge Radius from Electron Scattering

Elastic e-p scattering

GE , GM

Q2

Precise form factors from elastic electron scattering

J C Bernauer

Massachusetts Institute of Technology, Cambridge, MA 02139-4307, USA

E-mail: bernauer@mit.edu

Abstract. Experiments to determine the electric and magnetic form factors of nucleons have
been performed for over half a century. This article gives an overview of the current state of
our knowledge and discusses new features discovered in recent high precision experiments.

1. Introduction

The electric and magnetic form factors encode the distribution of charge and magnetization
inside the nucleon. Precise determinations of the form factors therefore provide benchmarks
for theoretical descriptions, may they be based on e↵ective degrees of freedom or QCD. In the
one-photon-exchange approximation, the cross section is given by
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in terms of the form-factor independent Mott cross section and the two Sachs form factors GE

and GM .

2. Proton form factors

2.1. Rosenbluth separation
The classical approach to disentangle the form factors from cross section measurements is the
Rosenbluth separation [1]. The linear structure of Eq. 1 is exploited to disentangle the form
factors at a given Q2 from several measurements at the chosen Q2 but with di↵erent ".

The black symbols in Fig. 1 show the progress achieved in the last half century of
measurements. After an initial gold rush phase in the 1970s, the focus was on the higher
Q2 range in the 90s. In recent years, with advances in accelerator, detector and experiment
design, several experiments achieved a considerable reduction of the uncertainty.

In Fig. 2, both form factors are shown on a logarithmic scale, to demonstrate some of the
basic traits: GE and GM follow a very similar curve, with a constant factor of µp between them,
the so-called Scaling relation. In early measurements [2], a dipole was proposed as a simple
phenomenological function description:
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While this simple approximation is still valid as a coarse description, precise measurements
show deviations both at low and high Q2.
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Figure 4. The 1422 cross section measurements of the Mainz experiment [6], divided by the
dipole prediction, as a function of the scattering angle. The data points are shifted according
to the incident beam energy.
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Figure 5. The form factor ratio from polarization experiments and the recent Mainz unpolarized
measurement [6]. From the latter, two typical models are shown.

measurements. This, however, brings the form factor ratio into better agreement with the
recent polarization experiment [34], where form factor ratios at eight Q2-values between 0.3
and 0.6 (GeV/c)2 were extracted. The better understanding of the background situation in
this experiment led to a reanalysis of an older experiment [33]. Both experiments show ratios
slightly smaller than previous, less precise experiments. In Fig. 5, the results of [6] and [33, 34]
are compared to previous polarization results.
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Precise 
measurement 

at Mainz

Bernauer et al [A1 Coll.], PRL 105 (2010) 242001
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While the deviation of GM from previous measure-
ments seems surprising at first glance, it reconciles the
form factor ratios from experiments with unpolarized
electrons, like this one, with those found with polar-
ized electrons, especially with the high-precision mea-
surements in ref. [17]. The previous GE and GM data
are basically not compatible with the polarized measure-
ments even when TPE corrections are applied. New re-
sults from Jefferson Laboratory [18, 19] with uncertain-
ties of about 2% confirm this statement and are in excel-
lent agreement with this experiment.
The charge and magnetic rms-radii are given by

〈

r2E/M

〉

= −
6!2

GE/M (0)

dGE/M

(

Q2
)

dQ2

∣

∣

∣

∣

∣

Q2=0

. (3)

In the study of the model dependency through simu-
lated data only the flexible models reproduce the input
radii reliably. In the fits to the measured data the models
can be divided into two groups: Those based on splines
with varying degree of the basis polynomial and num-
ber of support points and those composed of polynomials
with varying orders. For the charge radius the weighted
averages of the two groups differ by 0.008 fm.
For the spline group we obtain the values

〈

r2E
〉

1

2 = 0.875(5)stat.(4)syst.(2)model fm,
〈

r2M
〉

1

2 = 0.775(12)stat.(9)syst.(4)model fm

and for the polynomial group

〈

r2E
〉

1

2 = 0.883(5)stat.(5)syst.(3)model fm,
〈

r2M
〉

1

2 = 0.778(+14
−15)stat.(10)syst.(6)model fm.

Despite detailed studies the cause of the difference be-
tween the two model groups could not be found. There-
fore, we give as the final result the average of the two
values with an additional uncertainty of half of the dif-
ference:

〈

r2E
〉

1

2 = 0.879(5)stat.(4)syst.(2)model(4)group fm,
〈

r2M
〉

1

2 = 0.777(13)stat.(9)syst.(5)model(2)group fm.

These radii have to be taken with the applied correc-
tions in mind. While the Coulomb correction used is
compatible with other studies [5, 6] a more sophisticated
theoretical calculation may affect the results slightly.
The electric radius is in complete agreement with the

CODATA06 [20] value of 0.8768(69) fm based mostly on
atomic measurements. It is also in complete accord with
the old Mainz result [21] when the Coulomb corrections
[5, 6] are applied. However, the results from very recent
Lamb shift measurements on muonic hydrogen [22] are
0.04 fm smaller, i.e. 5 standard deviations. This differ-
ence is unexplained yet. The calculation of the Lamb

shift in muonic hydrogen requires the solution of a rela-
tivistic bound state problem (see Ref. [23] and references
therein). The deviation may be due to the distorted wave
functions, significantly more distorted than in electronic
hydrogen, necessitating the consideration of multiphoton
exchange.
The magnetic radius has a larger error than the charge

radius since the experiment is less sensitive to GM at
low Q2. Its value is smaller than results of previous fits,
however, it is in good agreement with ref. [24], who found
0.778(29) fm from hyperfine splitting in hydrogen.
The consequences of the results presented here for our

picture of the proton are discussed in ref. [1]. A full ac-
count of this work will be published [25, 26].
This work was supported by the Collaborative Re-

search Center SFB 443 of the Deutsche Forschungsge-
meinschaft. H. Fonvieille is supported by the French
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Proton Radius from Lamb Shift in Hydrogen Atom

1S,P,D,...

2S,P,D,...

...

2P

2S

�

�E2P�2S = 0

+ . . .

Leading order: degenerate spectrum
Radiative corrections: fine structure

�EnP�nS = �EQED
nP�nS �

2(Z↵)4

3n3
m3

r r2
E +O(↵5

em)

Finite size correction

Modern QED calculations:

Borie, Annals Phys. 327 (2012) 733;
Eides et al., Phys.Rept. 342 (2001) 63;
Indelicato, arXiv:1210.5828, ......
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e�

p

µ�
p

Hydrogen atom

muonic Hydrogen atom

SM: the only difference is the mass

Muonic vs Electronic Hydrogen

Bohr radius Rµ�H

Re�H
=

me

mµ
⇡ 1

200

�EFS, µ�H
2P3/2�2S1/2

= �5.2275(10) r2
E (meV)

�EFS, e�H
2P3/2�2S1/2

= �8.1⇥ 10�7 r2
E (meV)
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The proton radii puzzle

 [fm]
ch

Proton charge radius R
0.83 0.84 0.85 0.86 0.87 0.88 0.89 0.9

H spectroscopy

scatt. Mainz

scatt. JLab

p 2010µ

p 2013µ electron avg.
σ7.9 

3 ways to the proton radius
e-p scattering

H precision laser spectroscopy
µp laser spectroscopy

Pohl et al., Nature 466, 213 (2010)
Antognini et al., Science 339, 417 (2013)

A. Antognini ECT∗, Trento 01.08.2013 – p. 2
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μ-H Lamb shift: pure QED corrections

7

TABLE I: All known radius-independent contributions to the Lamb shift in µp from different authors,
and the one we selected (usually the all-order calculations which we consider more complete). Values are
in meV. The entry # in the first column refers to Table 1 in Ref. [14]. The ”finite-size to relativistic recoil
correction” (entry #18 in [14]) which depends on the proton structure has been shifted to Table II, together
with the small terms #26 and #27, and the proton polarizability term #25.
SE: self-energy, VP: vacuum polarization, LBL: light-by-light scattering, Rel: relativistic, NR: non-
relativistic, RC: recoil correction.

# Contribution Pachucki Nature Borie-v6 Indelicato Our choice Ref.

[11, 12] [14] [77] [78]

1 NR one-loop electron VP (eVP) 205.0074

2 Rel. corr. (Breit-Pauli) 0.0169a

3 Rel. one-loop eVP 205.0282 205.0282 205.02821 205.02821 [78] Eq.(54)

19 Rel. RC to eVP, α(Zα)4 (incl. in #2)b −0.0041 −0.0041 −0.00208c [75, 76]

4 Two-loop eVP (Källén-Sabry) 1.5079 1.5081 1.5081 1.50810 1.50810 [78] Eq.(57)

5 One-loop eVP in 2-Coulomb 0.1509 0.1509 0.1507 0.15102 0.15102 [78] Eq.(60)

lines α2(Zα)5

7 eVP corr. to Källén-Sabry 0.0023 0.00223 0.00223 0.00215 0.00215 [78] Eq.(62), [85]

6 NR three-loop eVP 0.0053 0.00529 0.00529 0.00529 [85, 86]

9 Wichmann-Kroll, “1:3” LBL −0.00103 −0.00102 −0.00102 −0.00102 [78] Eq.(64), [87]

10 Virtual Delbrück, “2:2” LBL 0.00135 0.00115 0.00115 [72, 87]

new “3:1” LBL −0.00102 −0.00102 [87]

20 µSE and µVP −0.6677 −0.66770 −0.66788 −0.66761 −0.66761 [78] Eqs.(72)+(76)

11 Muon SE corr. to eVP α2(Zα)4 −0.005(1) −0.00500 −0.004924 d −0.00254 [83] Eq.(29a) e

12 eVP loop in self-energy α2(Zα)4 −0.001 −0.00150 f [72, 88–90]

21 Higher-order corr. to µSE and µVP −0.00169 −0.00171 g −0.00171 [84] Eq.(177)

13 Mixed eVP+µVP 0.00007 0.00007 0.00007 [72]

new eVP and µVP in two Coulomb lines 0.00005 0.00005 [78] Eq.(78)

14 Hadronic VP α(Zα)4mr 0.0113(3) 0.01077(38) 0.011(1) 0.01121(44) [91–93]

15 Hadronic VP α(Zα)5mr 0.000047 0.000047 [92, 93]

16 Rad corr. to hadronic VP −0.000015 −0.000015 [92, 93]

17 Recoil corr. 0.0575 0.05750 0.0575 0.05747 0.05747 [78] Eq.(88)

22 Rel. RC (Zα)5 −0.045 −0.04497 −0.04497 −0.04497 −0.04497 [78] Eq.(88), [72]

23 Rel. RC (Zα)6 0.0003 0.00030 0.0002475 0.0002475 [78] Eq.(86)+Tab.II

new Rad. (only eVP) RC α(Zα)5 0.000136 [83] Eq.(64a)

24 Rad. RC α(Zα)n (proton SE) −0.0099 −0.00960 −0.0100 −0.01080(100) [43]h [72]

Sum 206.0312 206.02915 206.02862 206.03339(109)

aThis value has been recalculated to be 0.018759 meV [75].
bThis correction is not necessary here because in #2 the Breit-Pauli contribution has been calculated using a

Coulomb potential modified by eVP.
cDifference between Eq. (6) and (4) in [76]: E

(rel)
VP (2P1/2 − 2S1/2) − E

(0)
VP(2P1/2 − 2S1/2) = 0.018759 − 0.020843 =

−0.002084 meV (see also Table IV). Using these corrected values, the various approaches are consistent. Pachucki

becomes 205.0074 + 0.018759 = 205.0262 meV and Borie 205.0282 − 0.0020843 = 205.0261 meV.
dIn Appendix C, incomplete.
eEq. (27) in [83] includes contributions beyond the logarithmic term with modification of the Bethe logarithm to

the Uehling potential. The factor 10/9 should be replaced by 5/6.
fThis term is part of #22, see Fig. 22 in [84].
gBorie includes wave function corrections calculated in [85]. The actual difference between Ref. [14] and Borie-v6 [77]

is given by the inclusion of the Källén-Sabry correction with muon loop.
hThis was calculated in the framework of NRQED. It is related to the definition of the proton radius.
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μ-H Lamb shift: finite size + structure corrections

11

TABLE II: Proton structure dependent contributions to the Lamb shift in µp from different authors, and
the one we selected (usually the all-order calculations which we consider more complete). Values are in meV,
〈r2〉 in fm2. The entry # in the first column refers to Table 1 in Ref. [14] supplementary informations [1].
Entry # 18 is under debate.
TPE: two-photon exchange, VP: vacuum polarization, SE: self-energy, Rel: relativistic.

# Contribution Borie-v6 Karshenboim Pachucki Indelicato Carroll Our choice

[77] [76] [11, 12] [78] [82]

Non-rel. finite-size -5.1973〈r2〉 -5.1975〈r2〉 -5.1975〈r2〉

Rel. corr. to non-rel. finite size -0.0018〈r2〉 -0.0009 meVa

Rel. finite-size

exponential -5.1994〈r2〉 -5.2001〈r2〉 -5.1994〈r2〉

Yukawa -5.2000〈r2〉

Gaussian -5.2001〈r2〉

Finite size corr. to one-loop eVP -0.0110〈r2〉 -0.0110〈r2〉 -0.010〈r2〉 -0.0282〈r2〉 -0.0282〈r2〉

Finite size to one-loop eVP-it. -0.0165〈r2〉 -0.0170〈r2〉 -0.017〈r2〉 (incl. in -0.0282)

Finite-size corr. to Källén-Sabry b -0.0002〈r2〉 -0.0002〈r2〉

new Finite size corr. to µ self-energy (0.00699) c 0.0008〈r2〉 0.0009(3)〈r2〉d

∆ETPE [46] 0.0332(20) meV

elastic (third Zemach)e

measured R3
(2) 0.0365(18)〈r2〉3/2 (incl. above)

exponential 0.0363〈r2〉3/2 0.0353〈r2〉3/2 f 0.0353〈r2〉3/2

Yukawa 0.0378〈r2〉3/2

Gaussian 0.0323〈r2〉3/2

25 inelastic (polarizability) 0.0129(5) meV [99] 0.012(2) meV (incl. above)

new Rad. corr. to TPE -0.00062〈r2〉 -0.00062〈r2〉

26 eVP corr. to polarizability 0.00019 meV [93]

27 SE corr. to polarizability -0.00001 meV [93]

18 Finite-size to rel. recoil corr. (0.013 meV) g h (incl. in ∆ETPE)

Higher-order finite-size corr. -0.000123 meV 0.00001(10) meV 0.00001(10) meV

2P1/2 finite-size corr. -0.0000519〈r2 〉 i (incl. above) (incl. above) (incl. above)

aCorresponds to Eq. (6) in [12] which accounts only for the main terms in FREL and FNREL.
bThis contribution has been accounted already in both the -0.0110 meV/fm2 and -0.0165 meV/fm2 coefficients.
cGiven only in Appendix C. Bethe logarithm is not included.
dThis uncertainty accounts for the difference between all-order in Zα and perturbative approaches [80].
eCorresponds to Eq. (20).
fThis value is slightly different from Eq. (22) because here an all-order in finite-size AND an all-order in eVP

approach was used.
gSee Appendix F of [94]. This term is under debate.
hIncluded in ∆ETPE. This correction of 0.018 − 0.021 = −0.003 meV is given by Eq. (64) in [11] and Eq. (25) in

[12]. This correction is also discussed in [74] where the 6/7 factor results from 0.018/0.021.
iEq. (6a) in [77].

Equation (22) was attained by fitting the eigenvalues of the Dirac equation obtained for a finite-size

Coulomb potential for various values of the proton charge radius. Hence, it accounts for all-order

finite-size effects.

The first coefficient of this equation is in agreement with ba + bc = −5.1973 − 0.00181 =

−5.1991 meV/fm2 of [77] and the second one is compatible with Eq. (18). This implies that the

two approaches, one starting from the Dirac equation with finite-size-corrected Coulomb potential,

and the other one starting from the Schrödinger solution (with point-like Coulomb potential)

complemented with relativistic and finite-size corrections, are equivalent. The sum of the terms

of Eq. (22) beyond r2E and r3E is only ∼ 0.00004 meV, suggesting that the higher moments of the

charge distribution do not affect significantly the prediction of the muonic hydrogen Lamb shift.
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Proton radius from muonic hydrogen
• Measure ∆Eexp

2P−2S in µp with ur = 10−5 ↔ 0.5 GHz = Γ/20

• Compute theoertical prediction
∆Eth

2P−2S = 206.0336(15)− 5.2275(10) r2p + 0.0332(20) [meV]

Comparing theory with experiment =⇒ rp

2S1/2

2P1/2

2P3/2

 F=0

 F=0

 F=1

 F=2
 F=1
 F=1

23 meV

8.4 meV

3.8 meV
fin. size:

206 meV
50 THz
6 µm

The Lamb shift contributions

A. Antognini ECT∗, Trento 01.08.2013 – p. 3
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Two photon exchange contribution to Lamb shift

M = e4

Z
d4q

(2⇡)4
1
q4

ū(k)

�⌫ 1
6 k� 6 q �ml + i✏

�µ + �µ 1
6 k+ 6 q �ml + i✏

�⌫

�
u(k)Tµ⌫

Formulas for deuteron Lamb shift O(↵5) terms: quasi-elastic contributions

(Dated: start on October 7, 2012, this copy October 8, 2012)

Regarding the quasi-elastic O(�5) contributions to the Lamb shift in atomic deuterium, we can start with the usual
diagram,

q q

kk

p p

and begin by obtaining the Compton tensor for the deuteron.
• We will apply the smearing formula to the Compton structure functions,

T1,2(⌅, Q2) = 2
⇤

d3p

(2⇧)3
|⌥d(p)|2 T1,2S(⌅�, Q2) (1)

where T1,2S are the isoscalar structure functions, defined as the average of the proton and neutron structure functions.
(We could also consider applying the smearing formula to the Compton tensor, Tµ⇥ .)

• We will make a spectator approximation, wherein one nucleon is struck and the other is an inert spectator that
exits with the 3-momentum it had before the collision, neglecting further interaction. Photon energy ⌅� is the photon
energy in the rest frame of the stuck nucleon while ⌅ is the photon energy in the rest frame of the deuteron.

• For the nucleon energy before collision, we will give each nucleon an energy of half the deuteron mass, which can
most of the time be taken as mN .

Other approximations are possible, in particular, giving the spectator the energy that goes with an unbound particle
with the same 3-momentum and obtaining the energy of the active quark from energy conservation. This will not
qualitatively change the formulas below; how it may change the numerical results I do not know.

Further possibilities are to use the relativistic spectator on-shell treatment of Gross and collaborators, or the use a
light front treatment favored by Strikman and collaborators.

If the spectator energy is the nucleon mass, and p1 is the notation for the struck nucleon 4-momentum, then

mN⌅� = p1 · q = mN⌅ � |p||q| cos ⇤ . (2)
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Two photon exchange contribution to Lamb shift

Real parts - from forward dispersion relation

F1(⌫ !1, q2) ⇠ ⌫1+✏

F2(⌫ !1, q2) ⇠ ⌫✏

- subtraction needed
- no subtraction
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Proton Radius Puzzle vs Standard Model

2

II. DISPERSION RELATIONS FOR COMPTON
SCATTERING

The O(↵5) contribution to the Lamb shift sensitive to
the proton structure enters through the matrix element
of the two-photon exchange (TPE) between the lepton
and the nucleon integrated over the atomic wave func-
tion. This can be seen as the virtual excitation and de-
excitation of the proton by the successive photons, and
thus all the complexity of the excited nucleon states is af-
fecting a precision atomic physics computation. Adopt-
ing the standard approach for computing bound state
corrections in atomic physics which expresses nucleon
current e↵ects in terms of the atomic wave function at
the origin, the TPE contribution to the Lamb shift is
then given by [14, 15]
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+
M) is the reduced mass, with M the proton mass. The
scalar functions T1,2 = T1,2(⌫, q2), with ⌫ = (pq)/M ,
are the standard amplitudes that parametrize the spin-
independent hadronic tensor of doubly virtual forward
Compton scattering �⇤(q) + N(p) ! �⇤(q) + N(p), and
are given by
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The hadronic tensor can be measured in a restricted
kinematic range of the variables ⌫ and Q2 and needs to be
extrapolated outside the physical range to compute the
integral in Eq. (5). The extrapolation is based on ana-
lytical continuation. Specifically, the functions T1,2 are
discontinuous along the real axis in the complex energy
plane ⌫ with discontinuities (equal to 2i times imaginary
parts) related to the inclusive virtual photon cross sec-
tions

ImT1(⌫, q2) =
e2

4M
F1

ImT2(⌫, q2) =
e2

4⌫
F2 . (7)

As customary in dispersive approaches, we make use of
the complex ⌫ = (s � u)/(4M) plane. Since this vari-
able is crossing-symmetric, upon applying Cauchy’s the-
orem, the left and right cut can be combined in the same

integral, yielding a relatively simple forward dispersion
relation [16],
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While this su�ces to reconstruct T2 from knowledge of
the dispersive part, T1 requires an additional input in the
form of a subtraction constant at each Q2, i.e the func-
tion T1(0, Q2). This is due to divergence of the unsub-
tracted dispersive integral at large energies as dictated by
the high energy asymptotic properties of the F1 structure
function. At the real photon point Q2 = 0, the subtrac-
tion term is fixed by the well-known Thomson-scattering
limit, T1(0, 0) = �↵/M . For virtual photons however,
existing estimates carry large uncertainties. They are
based on the not so well determined polarizability and
the Q2 dependence of elastic form factors.

The F
i

structure functions measured with virtual pho-
tons receive a contribution from the single nucleon pole
(Born terms) at ⌫
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= ±Q2/2M , and from the uni-
tarity cut due to opening of particle production thresh-
olds which start with pion production at ⌫
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being the pion
mass). Following [14], we divide the contribution to the
Lamb shift into three physically distinct terms that orig-
inate from the subtraction term T1(0, Q2), the nucleon
pole and finally all excited intermediate states that may
couple to �N , respectively
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tion term is fixed by the well-known Thomson-scattering
limit, T1(0, 0) = �↵/M . For virtual photons however,
existing estimates carry large uncertainties. They are
based on the not so well determined polarizability and
the Q2 dependence of elastic form factors.

The F
i

structure functions measured with virtual pho-
tons receive a contribution from the single nucleon pole
(Born terms) at ⌫

tr

= ⌫
N

= ±Q2/2M , and from the uni-
tarity cut due to opening of particle production thresh-
olds which start with pion production at ⌫

tr

= ⌫
⇡

(Q2) =
±[(M + m

⇡

)2 �M2 + Q2]/2M (with m
⇡

being the pion
mass). Following [14], we divide the contribution to the
Lamb shift into three physically distinct terms that orig-
inate from the subtraction term T1(0, Q2), the nucleon
pole and finally all excited intermediate states that may
couple to �N , respectively

�E = �Esubt + �Eel + �Einel. (9)

with
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⌧
l

= Q2/(4m2
l

), ⌧
p

= Q2/(4M2), ⌧ = ⌫2/Q2, and the

2 out of 3 are directly fixed by data

“Elastic”: elastic proton form factors 

“Inelastic”: real and virtual photoabsorption data 
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Proton Radius Puzzle vs Standard Model

3 groups evaluated the integrals - agreement

Looking for 300 μeV

“Subtraction function” - generally unknown

2

II. DISPERSION RELATIONS FOR COMPTON
SCATTERING

The O(↵5) contribution to the Lamb shift sensitive to
the proton structure enters through the matrix element
of the two-photon exchange (TPE) between the lepton
and the nucleon integrated over the atomic wave func-
tion. This can be seen as the virtual excitation and de-
excitation of the proton by the successive photons, and
thus all the complexity of the excited nucleon states is af-
fecting a precision atomic physics computation. Adopt-
ing the standard approach for computing bound state
corrections in atomic physics which expresses nucleon
current e↵ects in terms of the atomic wave function at
the origin, the TPE contribution to the Lamb shift is
then given by [14, 15]

E = 4⇡i
�2

n

(0)
2m

l

e2

Z
d4q

(2⇡)4
(q2 + 2⌫2)T1 � (q2 � ⌫2)T2

q4[(q2/2m
l

)2 � ⌫2]
,

(5)

where m
l

= m
e

, m
µ

is the lepton mass in conventional
and muonic hydrogen, respectively. The wave function at
the origin is given by �2

n

(0) = (↵m
r

)3/n3⇡; ↵ = e2/4⇡
is the fine structure constant, and m

r

⌘ m
l

M/(m
l

+
M) is the reduced mass, with M the proton mass. The
scalar functions T1,2 = T1,2(⌫, q2), with ⌫ = (pq)/M ,
are the standard amplitudes that parametrize the spin-
independent hadronic tensor of doubly virtual forward
Compton scattering �⇤(q) + N(p) ! �⇤(q) + N(p), and
are given by

Tµ⌫ =
i

8⇡M

Z
d4xeiqxhN |T [Jµ(x), J⌫(0)]|Ni

=
✓
�gµ⌫ +

qµq⌫
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◆
T1(⌫, q2) (6)

+
1

M2

✓
pµ � pq

q2
qµ

◆✓
p⌫ � pq

q2
q⌫

◆
T2(⌫, q2) .

The hadronic tensor can be measured in a restricted
kinematic range of the variables ⌫ and Q2 and needs to be
extrapolated outside the physical range to compute the
integral in Eq. (5). The extrapolation is based on ana-
lytical continuation. Specifically, the functions T1,2 are
discontinuous along the real axis in the complex energy
plane ⌫ with discontinuities (equal to 2i times imaginary
parts) related to the inclusive virtual photon cross sec-
tions

ImT1(⌫, q2) =
e2

4M
F1

ImT2(⌫, q2) =
e2

4⌫
F2 . (7)

As customary in dispersive approaches, we make use of
the complex ⌫ = (s � u)/(4M) plane. Since this vari-
able is crossing-symmetric, upon applying Cauchy’s the-
orem, the left and right cut can be combined in the same

integral, yielding a relatively simple forward dispersion
relation [16],

Re T1(⌫, Q2) = T1(0, Q2) +
⌫2e2

2⇡M
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1Z
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d⌫0
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1Z

⌫tr

d⌫0
F2(⌫0, Q2)
(⌫02 � ⌫2)

, (8)

While this su�ces to reconstruct T2 from knowledge of
the dispersive part, T1 requires an additional input in the
form of a subtraction constant at each Q2, i.e the func-
tion T1(0, Q2). This is due to divergence of the unsub-
tracted dispersive integral at large energies as dictated by
the high energy asymptotic properties of the F1 structure
function. At the real photon point Q2 = 0, the subtrac-
tion term is fixed by the well-known Thomson-scattering
limit, T1(0, 0) = �↵/M . For virtual photons however,
existing estimates carry large uncertainties. They are
based on the not so well determined polarizability and
the Q2 dependence of elastic form factors.

The F
i

structure functions measured with virtual pho-
tons receive a contribution from the single nucleon pole
(Born terms) at ⌫

tr

= ⌫
N

= ±Q2/2M , and from the uni-
tarity cut due to opening of particle production thresh-
olds which start with pion production at ⌫

tr

= ⌫
⇡

(Q2) =
±[(M + m

⇡

)2 �M2 + Q2]/2M (with m
⇡

being the pion
mass). Following [14], we divide the contribution to the
Lamb shift into three physically distinct terms that orig-
inate from the subtraction term T1(0, Q2), the nucleon
pole and finally all excited intermediate states that may
couple to �N , respectively

�E = �Esubt + �Eel + �Einel. (9)

with
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), ⌧
p

= Q2/(4M2), ⌧ = ⌫2/Q2, and the

Can this subtraction function resolve the discrepancy?

Usually, identify

Not fully model-independent

Pachucki 1996 : �Eel
= �27.8 µeV, �Einel

= �13.9 µeV

Vanderhaeghen&Carlson 2011 : �Eel
= �29.5(1.3) µeV, �Einel

= �12.7(5) µeV

MG,Llanes� Estrada,Szczepaniak 2013 : �Eel
= �30.1(1.2) µeV, �Einel

= �13.0(6) µeV

�M = 3.5(6)10�4 fm3

T̄1(0, Q2) =
Q2

e2
�MF�(Q2)
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Finite Energy Sum Rule for subtraction constant

Evaluate the Lamb shift

7
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FIG. 4: (Color online) Subtraction function [T1(0, Q2) �
T1(0, 0)]/Q2 in units of 10�4 fm3 as obtained from FESR (red,
solid), from the model of Ref. [14] (blue, dashed), from Ref.
[1] (magenta,dash-dotted), and from Ref. [35] (black, dotted).

only possible to unambiguously identify T1(0, Q2) with
a combination of known or measurable quantities (form
factors and polarizabilities) modulo a dispersion inte-
gral in the annihilation channel that is largely unknown.
Rewriting the findings of Ref. [24] for T1(0, Q2) we find

T1(0, Q2) = � ↵

M
[F 2

D

(Q2)� ⌧F 2
P

(Q2)] + Q2�(Q2) + . . . ,

(43)

where we omitted terms coming from that dispersion in-
tegral in the annihilation channel.

The reason for such detailed discussion is to remind the
reader that to relate the unphysical subtraction constant
T1(0, Q2) to measurable quantities like the polarizability
and elastic form factors, a good deal of caution should
be exercised.

Following the analysis presented in this paper, the sys-
tematic uncertainty in the Lamb shift from this term
has been significantly reduced. We have employed the
method of the Finite Energy Sum Rules to analyze this
term, explicitly displaying the contributions it receives
from the known t-channel Regge and s-channel reso-
nances. There is no double counting of these resonances
with respect to Einel. The alternative analysis presented
here provides information on the subtraction term from
Regge theory and the resonance region, reducing the un-
knowns to the fixed pole of Compton scattering. Our
Finite Energy Sum Rule in Eq. (31) has for the first
time made it possible to predict the Q2-dependence of
the subtraction function directly from existing experi-
mental data. In Fig. 4 we compare the function T̄1(Q2)
as obtained from FESR to phenomenological Ansätze of
previous analyses. We observe that all approaches e↵ec-
tively have similar values of T̄1(0) but in view of the com-
plicated situation with the low-energy theorem discussed

This work Ref. [1] Ref. [14] Ref. [35]

�Esubt 3.3± 4.6 6.6 5.3± 1.9 9.0± 1.0

�Eel �30.1± 1.2 �27.8 �29.5± 1.3 �29.5± 1.3

�Einel �13.0± 0.6 �13.9 �12.7± 0.5 �12.7± 0.5

�E �39.8± 4.8 �35.1 �36.9± 2.4 �33± 2

TABLE I: Numerical results for the O(↵5) proton structure
corrections to the 2P � 2S Lamb shift in muonic hydrogen in
µeV. The entry �Esubt from Ref. [35] obtains by summing
the Born non-pole and polarizability contributions; that work
uses the values obtained for �Eel, �Einel in Ref. [14].

above we stress that this is a coincidence. Neglecting
the t-channel contributions in Eq. (43) and removing
the contributions of the form factors (3.4⇥10�4 fm3 and
0.5⇥10�4 fm3) we would arrive at � = �0.9⇥ 10�4 fm3.
Note that the most recent determination of the magnetic
polarizability was given in the HBChPT framework in
Ref. [38],

� = [3.15⌥ 0.35± 0.2⌥ 0.3]⇥ 10�4fm3, (44)

with the three uncertainties identified in Ref. [38] as
”statistical”, ”Baldin” and ”theory”, respectively. It sug-
gests that to connect the result of this work for the sub-
traction constant T1(0, Q2) in terms of the FESR to the
value of the magnetic polarizability, the aforementioned
t-channel contributions should not be neglected.

We have shown that the contribution of the subtrac-
tion term �Esubt is small, ⇡ 3µeV, and its large relative
error of order 5µeV does not alter the conclusion that
the overall contribution of the nucleon photoexcitation
processes to the Lamb shift in muonic hydrogen is about
-40±5µeV, in agreement with previous evaluations. A
numerical comparison with existing calculations is shown
in Table I.

Our overall estimated uncertainty has increased
slightly with respect to that by Pachucki [1], Carlson
and Vanderhaeghen [14], as well as chiral perturbation
theory [35, 37], while it is reduced compared to Hill and
Paz [36]. The new method of the finite energy sum rule
presented in this work allows for a reliable estimate of the
subtraction constant contribution and the uncertainty
thereof, based on virtual photoabsorption data and on
the natural Q2-dependence of the J = 0 pole. Recent
model calculations by Miller et al., designed to resolve
the proton radius puzzle in terms of the two-photon ex-
change contribution, are not supported by resonance re-
gion data at low Q2 [39] and require an unnaturally large
value of the J = 0 pole for hard virtual photons [40].

The 300 µeV discrepancy between the direct muonic
Hydrogen Lamb shift measurement and estimates for it
based on usual (electronic) Hydrogen is unnaturally large
for the hadronic structure-dependent corrections at order
O(↵5) that have been proposed in the literature, basi-
cally Eq. (5), and the explanation must be looked for
elsewhere.

Alternative form factor....

Judith McGovern Proton Polarisability contribution to the Lamb Shift Manchester April 26th 2013

Form factor constrained for
p

Q2 ⇠< 300 MeV, and at large Q2.
How different could it be in between?

FbHQ2L
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G. Miller, Phys. Lett. B 718 1078 (2013)

Beyond range validity of cPT, modelling of form factor with s-channel nucleon res-
onances and t-channel Regge poles show no evidence of strange behaviour
Gorchtein et al arxiv/1302.2807

Miller et al 2011

Pachucki 1996 : �Esubt
= 6.6 µeV

Vanderhaeghen&Carlson 2011 : �Esubt
= 5.9(1.9) µeV

MG,Llanes� Estrada,Szczepaniak 2013 : �Esubt
= 3.3(4.6) µeV

Reasonable hadronic models To get ~300 meV Lamb shift:
need something like this

�Esubt =
�M

⇡
�2(0)

Z 1

0
dQ�1(⌧l)F�(Q2)
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Proton Radius Puzzle vs New Physics

Possible Exotic explanations?
Charge radius from Lamb shift
aμ = (g-2)μ/2 well measured, with famous small discrepancy
From review talk of de Rafael (2008),

14

aµ(data) = (116 591 785± 51)⇥ 10�11

aµ(thy.) = (116 592 080± 63)⇥ 10�11

�aµ = (295± 81)⇥ 10�11

Possible leptoquark 
contribution to aμ from
or,

μ μ

d d

L
λLμdλLμd

-e/3

�a

Lepto

µ =
1
3

⇥2
Lµd

16⇤2
mµm

d

m

2
L

�
ln

m

2
L

m

2
d

� 7
6

�
� �aµ

New heavy particles are excluded by the (g-2)μ

�EHEAV Y
Lamb = 0.0044 meV

�Emissing
Lamb ⇡ 0.300 meV

Viable explanation due to a light weakly-coupled boson
• finely tuned (mass - MeV, coupling - 10⁻⁴)
• breaks e- unversality (natural for scalar/tensor)

Batell, McKeen, Pospelov, PRL 2011
Rislow, Carlson, PRD 2012
Trucker-Smith, Yavin, PRD 2011

Should be seen 
in μ-D, μ-He⁺
spectroscopy!



25

Deuteron Radius from 
μ-D Lamb Shift
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Deuteron radius from µd (preliminary)
− Three transitions frequencies measured in µd
− 2P fine and hyperfine contributions from theory







⇒ Fit Lamb shift and 2S-HFS
Borie, Martynenko µd: ∆Eexp

LS = 202.8759(34) meV (prel.!)
µp: ∆Eexp

LS = 202.3706(23) meV

Theory QED fin. size TPE
µp: ∆Eth

LS = 206.0336(15) - 5.2275(10) r2p + 0.0332(20) meV

µd: ∆Eth
LS = 228.7972(15) - 6.1094(10) r2d + 1.6800(160) meV Borie + Pachucki

= . . . - . . . + 1.6980(???) meV Borie + Ji (arXiv:1307.6577)

= 228.7711(15) - 6.1085(10) r2d + 1.6800(160) meV Martynenko+Pachucki

• Pachucki TPE term should be completed with:
- finite-size of the nucleons (0.029 meV)?
- neutron polarisabilities (0.040 meV?)?

Priv. Com. Friar

- Pachucki, Ji et al., and Friar agree on the 2% level

- Ongoing work of Carlson, Gorchtein and Vanderhaegen
using inelastic data and dispersion relations.

• NO R3
(2) term (third Zemach term) in µd. Pachucki, PRL 106, 193007 (2011)

Exact cancellation for point-like nucleons between elastic (third Zemach) and part of the inelastic contributions
A. Antognini ECT∗, Trento 01.08.2013 – p. 21
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Deuteron radius from µd and µp (preliminary)
H-D iso-shift: r2d − r2p =3.820 07(65) fm2

µp : rp =0.84087(39) fm







⇒rd = 2.12771(22) fm

Deuteron charge radius [fm]
2.11 2.115 2.12 2.125 2.13 2.135 2.14 2.145

PRELIMINARYd Borie+Pachucki+Ji+Friarµ

d Borie+Jiµ

d Borie+Pachuckiµ

d Martynenkoµ

p + iso(1S-2S)µ

CODATA-2010

CODATA D + e-d

e-d scatt.

n-p scatt.               

Directly from µd spectroscopy using
µd polarizabiliy with ±0.03 meV

- double counting (th)?
- missing terms (th)?
- shifts due to close levels (exp)?

A. Antognini ECT∗, Trento 01.08.2013 – p. 22
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Polarizability Correction to Lamb Shift

Order O(↵5) correction

Dispersion Relation + Data Subtraction 
Constant
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TPE: elastic contribution to Lamb shift

�Eel = ↵2�2(0)
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17

Abbott et al., EPJ A7 (2000) 421
Deuteron form factors parametrization from:

Total elastic

Compare to �Eel

tot

= �0.37 meV

Martynenko, Faustov, 
Phys. Atom. Nucl. 67 (2004) 457

�Eel

C

= �0.4162 meV
�Eel

M

= 0.00008 meV
�Eel

Q

= �0.0007 meV

�Eel

tot

= �0.417(2) meV
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TPE: hadronic contribution to Lamb shift

⌧l =
Q2

4m2
l

, ⌧ =
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Q2Contains quasi-elastic and hadronic contributions
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Hadronic contribution: 
fit to deuteron resonance data 
matched to Regge-behaved background

FIG. 5: Comparison of the quasi-elastic model (dot-dashed curves), PWIA part of the inelastic

model (dashed curves), “dip region” part of the inelastic model (short dashed curves), and their

sum (solid curves) with F2 data from Ref. [8] at a) Q2 = 0.525 GeV2 and b) Q2 = 2.075 GeV2.
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FIG. 3: (Color online) High energy photo-absorption cross sections per nucleon for six nuclear targets compared to the fit
results (solid lines) using the Breit-Wigner resonance plus background pametrization of Eq. (19). Data are from [27] for the
proton and the deuteron, and from [22–24] for heavier nuclei. The Regge plus Pomeron curves are shown by dashed lines. The
background fit parameters are given in Table I.

Proton Deuteron 12
6 C 27

13Al 65
29Cu 207

82 Pb
1

2⇡2A
⇥had

int 18.60 ± 0.31 17.46 ± 0.51 16.80 ± 0.62 16.54 ± 1.50 16.16 ± 0.57 16.57 ± 1.02
1

2⇡2A
⇥nucl

int - - 0.197 0.30 0.480 0.69
1

2⇡2 cR
(E/GeV )1/2

1/2 14.19 ± 0.16 11.54 ± 0.39 10.96 ± 0.63 7.67 ± 1.66 11.03 ± 0.52 13.10 ± 1.31

r.h.s of Eq. (17) �4.21 ± 0.35 �5.92 ± 0.65 �6.04 ± 0.88 �9.17 ± 2.24 �5.61 ± 0.77 �4.16 ± 1.66

�
`
2 + ZN

A2

´
↵
M �6.06 �6.82 �6.82 �6.82 �6.81 �6.78

1
2⇡2 cP (E/GeV ) 6.72 ± 0.02 6.92 ± 0.12 5.65 ± 0.11 6.19 ± 0.59 4.53 ± 0.06 4.16 ± 0.25

�Z2

A2
↵
M �3.03 �0.76 �0.76 �0.70 �0.60 �0.48

ReT ↵=0 �0.72 ± 0.35 0.25 ± 0.65 �1.14 ± 0.89 �3.68 ± 2.31 �1.71 ± 0.77 �0.48 ± 1.68

TABLE II: Contributions to the finite energy sum rule for selected targets in units of GeV·µb. The entries in the second row
are taken from a review on nuclear data in Ref. [25].

In Ref. [16], Dominguez, Gunion and Suaya extended
this analysis by including the deuteron photoabsorption
data. They employed a model for nuclear e�ects to ex-
tract parameters of the neutron from deuteron and pro-
ton data, and evaluated the FESR for both nucleons.
Their conclusions were that the � = 0 pole is consistent

with the respective Thomson term for both,

ReT�=0
n = (0± 1.5)µb GeV,

ReT�=0
p = (�3± 0.8)µb GeV, (26)

where ReT�=0
p(n) refers to the proton (neutron), respec-

tively. Tait and White in Ref. [15] re-analyzed the FESR
using a more recent data set, and obtained a much more

Q²=0

Bosted and Christy, PR C77 (2008) 065206;
MG et al, PR C84 (2011) 065202

�Ehadr = �0.028 meV

Compare to
Pachucki, PRL ’13

�Ehadr = �0.043 meV

Contribution to the Lamb shift
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TPE: quasielastic contributions to Lamb shift

Analytic parametrization of the Paris NN potential 
Lacombe et al. PL B101 (1981) 139

QE in the Plane-Wave Born Approximation

F d,QE
1,2 (⌫, Q2) =

1
4⇡

Z
d3~k�2(~k)

⇥
F p

1,2(⌫
0, Q2) + Fn

1,2(⌫
0, Q2)

⇤

S(⌫, Q2) =
1
2

Z k
max

k
min

kdk�2(k)

Deuteron momentum distribution

Works fine at substantial photon virtualities, not so fine at low Q².
But we just need to parametrize data - rescale by a function of Q² 
that will be obtained from a fit to all available data.
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Quasielastic data
 0.005 GeV²< Q²< 3 GeV²PWBA normalized to data
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0 0.05 0.1 0.15 0.2 0.25 0.3
Q2 (GeV2)

0
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0.4
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1

1.2

1.4

1.6 PWBA data
FSI data
PWBA : a1 = 1
PWBA: a1 = 0.98
FSI: a3 = 215
FSI: a3 = 215 +- 65

Quasielastic data

The uncertainty to Lamb shift: from the error bands on this plot

fPWBA(Q2) = [1� a1e
�b1Q2

], a1 = 0.995(5), b1 = 25.4GeV �2

fFSI(Q2) =
a3Q2

(1 + b3Q2)2
, a3 = 215(65)GeV �3, b3 = 52(8)GeV �2
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TPE: quasielastic contribution to Lamb shift
�EPWBA

F1
= �52(1) µeV, �EPWBA

F2
= �1568(740) µeV

�EFSI
F1

= �228(69) µeV, �EFSI
F2

= �172(48)µeV

1% uncertainty in one parameter = 50% uncertainty in Lamb shift

At lowest Q² only backward data available: F₂ unconstrained
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Sample plots in MAMI and MESA/P2 kinematics 
show how sensitivity changes from 6° to 22° and 90°

No wonder: forward Compton amplitude is sensitive to forward data
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PROTON’s WEAK CHARGE
Dispersive γZ-Box correction



Weak Charge of the Proton
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Elastic e-p scattering
with polarized e⁻ beam

APV =
�" � �#
�" + �#

= � GF Q2

4
p

2⇡↵em

Qp
W +O(Q4)

Standard Model (tree-level)

10. Electroweak model and constraints on new physics 11

where the EW radiative corrections have been absorbed into corrections ρf − 1
and κf − 1, which depend on the fermion f and on the renormalization scheme.
In the on-shell scheme, the quadratic mt dependence is given by ρf ∼ 1 + ρt,

κf ∼ 1 + ρt/ tan2 θW , while in MS, ρ̂f ∼ κ̂f ∼ 1, for f #= b (ρ̂b ∼ 1 − 4
3ρt,

κ̂b ∼ 1 + 2
3ρt). In the MS scheme the normalization is changed according

to GF M2
Z/2

√
2π → α̂/4ŝ 2

Z ĉ 2
Z . (If one continues to normalize amplitudes by

GF M2
Z/2

√
2π, as in the 1996 edition of this Review, then ρ̂f contains an additional

factor of ρ̂(1−∆r̂W )α̂/α.) In practice, additional bosonic and fermionic loops, vertex
corrections, leading higher order contributions, etc., must be included. For example,
in the MS scheme one has ρ̂! = 0.9981, κ̂! = 1.0013, ρ̂b = 0.9869, and κ̂b = 1.0067. It
is convenient to define an effective angle s2

f ≡ sin2 θWf ≡ κ̂f ŝ 2
Z = κf s2

W , in terms

of which gf
V and gf

A are given by
√

ρf times their tree-level formulae. Because g!
V is

very small, not only A0
LR = Ae, A

(0,!)
FB , and Pτ , but also A

(0,b)
FB , A

(0,c)
FB , A

(0,s)
FB , and

the hadronic asymmetries are mainly sensitive to s2
! . One finds that κ̂f (f #= b) is

almost independent of (mt, MH), so that one can write

s2
! ∼ ŝ 2

Z + 0.00029 . (10.18)

Thus, the asymmetries determine values of s2
! and ŝ 2

Z almost independent of mt,
while the κ’s for the other schemes are mt dependent.

Throughout this Review we utilize EW radiative corrections from the program
GAPP [21], which works entirely in the MS scheme, and which is independent of the
package ZFITTER [70]. Another resource is the recently developed modular fitting
toolkit Gfitter [92].

10.3. Low energy electroweak observables

In the following we discuss EW precision observables obtained at low momentum
transfers [6], i.e. Q2 ' M2

Z . It is convenient to write the four-fermion interactions
relevant to ν-hadron, ν-e, as well as parity violating e-hadron and e-e neutral-current
processes in a form that is valid in an arbitrary gauge theory (assuming massless
left-handed neutrinos). One has,

−L
νh =

GF√
2

ν γµ(1 − γ5)ν

×
∑

i

[εL(i)qi γµ(1 − γ5)qi + εR(i)qi γµ(1 + γ5)qi], (10.19)

−L
νe =

GF√
2

νµγµ(1 − γ5)νµ e γµ(gνe
V − gνe

A γ5)e, (10.20)

−L
eh = −

GF√
2

∑

i

[
C1i e γµγ5e qi γµqi + C2i e γµe qi γµγ5qi

]
, (10.21)

June 18, 2012 16:19

Effective e-q interaction

Qp, tree
W = �2(2C1u + C1d) = 1� 4 sin2 ✓W ⇡ 0.05

Q2
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Weak Charge of the Proton: EW corrections
To match the experimental precision - include radiative corrections

Hadronic structure-dependent

Soft-photon dominated: safe

O(↵em)

O(1)

↵em ⇡ 1/137
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W. J. Marciano and A. Sirlin, PRD 27, 552 (1983); 29,75 (1984); 31, 213 (1985).
M.J. Ramsey-Musolf, PRC 60, 015501 (1999).

Weak Charge of the Proton: EW corrections

Qp
W = (1 + �⇢ + �e)(1� 4 sin2 ✓̂W + �0

e) + ⇤WW + ⇤ZZ + ⇤�Z

Hadronic structure effects are under control

2γ-Box: kinematically suppressed

WW,ZZ-Box: perturbative- calculable reliably

γZ: for low energies (atomic PV experiments)
cancellation between box and crossed
- not true for -1 GeV energy any more!

Vacuum polarization: reconstructed from 
e⁺e⁻➛hadrons with dispersion relations

Corrections due to kinematics, 
t-dependence of form factors - known

Weak Charge of the Proton

�PV
RC = �̄PV

RC + �PV
TBE

APV =
GF t

4
p

2⇡↵em

Qp
W

�
1 + ⌧Re�PV

kin + Re�PV
RC

�

Can be calculated reliably to ������

32

Corrections due to kinematics, 
t-dependence of form factors - known

Weak Charge of the Proton

�PV
RC = �̄PV

RC + �PV
TBE

APV =
GF t

4
p

2⇡↵em

Qp
W

�
1 + ⌧Re�PV

kin + Re�PV
RC

�

Can be calculated reliably to ������

32



Energy dependence of the γZ-Correction
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MG & C.J. Horowitz, PRL102, 091806 (2009) 

pµ = (M,~0)

q
Q2 = �qµqµ � 0

q
kµ = (E,~k)

W 2 = (p + q)2

ge
V , ge

A

Forward dispersion relation for

APV resultCan quantify the energy dependence

Possess different symmetry 
between box and crossed terms:

⇤�Z = ge
V ⇤�ZA + ge

A⇤�ZV

Re⇤�ZA(0) 6= 0

Re⇤�ZV (0) = 0Re⇤�ZV (E) =
2E

⇡

1Z

⌫0

dE0

E02 � E2
Im⇤�ZV (E0)

Re⇤�ZA(E) =
2
⇡

1Z

⌫0

E0dE0

E02 � E2
Im⇤�ZA(E0)
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Energy dependence of the γZ-Correction

PV DIS data 
- not (YET!) availableIsospin-rotate the e.-m. data

Evaluate at E = 1.165 GeV (QWEAK)

Re⇤�ZV (E) =
2E

⇡

1Z

0

dQ2

1Z

W 2
⇡

dW 2
h
AF �Z

1 (W 2, Q2) + BF �Z
2 (W 2, Q2)

i

The Vector Box Plots 

 

 

 

 

 

 

 

 

 

 

Hall et al. 
PRD 88, 013011 (2013) 

Carlson and Rislow 
PRD 83, 113007 (2011) 

Gorchtein et al. 
PRC 84, 015502 (2011) 
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• Differences come from the treatment of the 

structure functions. 
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Energy dependence of the γZ-Correction

New SM prediction for the proton’s weak charge

To be compared to the previous prediction

Qp
W + Re⇤�Z(E = 1.165 GeV) = 0.0767± 0.0008± 0.0020�Z

Qp
W = 0.0713± 0.0008

4σ(theory) effect was missed in the original QWEAK analysis;
Theory uncertainty needs to be further reduced

4

0 1 2 3
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0.6

0.8

1.0
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Z
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)  
(x

 1
0-2

)
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A

FIG. 2: Total (el+res+DIS) axial-vector hadron correction
!

A
γZ(E) (labeled “A”) and the sum of axial and vector hadron

[8] corrections (labeled “V+A”), together with the E = 0
result of MS [3] (extended to finite E for comparison). The
vertical dashed line indicates the energy at Qweak kinematics.

mind, we consider two models for Q2 < Q2
0.

Model 1 sets

F γZ
3 (x,Q2) =

(

1 + Λ2/Q2
0

1 + Λ2/Q2

)

F γZ
3 (x,Q2

0), (14)

which has the property that F γZ
3 (xmax, Q2) ∼ (Q2)0.3 as

Q2 → 0. Here Λ2 is a parameter that can be adjusted to
examine the model sensitivity of the integral in Eq. (9).
For Λ2 in the range (0.4− 1.0) GeV2, we obtain a ±10%
variation in the values for !A

γZ(E) shown in Fig. 1.

Model 2 freezes F γZ
3 at the Q2 = Q2

0 value for all W 2,
which is equivalent to setting F γZ

3 (x,Q2) = F γZ
3 (x0, Q2

0),
with x0 = xQ2

0/
(

(1− x)Q2 + xQ2
0

)

. For this model, F γZ
3

is constant as Q2 → 0, and yields a 15% larger contribu-
tion to !

A
γZ(E) than Model 1, as illustrated in Fig. 1.

The total correction to !
A
γZ is given by the sum

(el+res+DIS), and is shown in Fig. 2 as a function of
E. As demonstrated, the E dependence arises predomi-
nantly from the elastic and resonance contributions. We
assign a very conservative uncertainty estimate equal to
twice the low-Q2 DIS value. This allows for uncertainties
in the resonance and low-Q2 DIS contributions, and in
the effect of the running coupling constants on the dom-
inant n = 1 contribution. The total contribution to !

A
γZ

is 0.0044(4) at E = 0, and 0.0037(4) at E = 1.165 GeV
(the Qweak energy). This should be compared to the
value 0.0052(5) used in Ref. [2], which is assumed to be
energy independent. Also shown in Fig. 2 is the total
!γZ = !

V
γZ +!

A
γZ using the result for !V

γZ from Ref. [8],
which has an uncertainty that grows with E.
Our value shifts the theoretical estimate for Qp

W from
0.0713(8) to 0.0705(8), with a total energy dependent
correction !γZ(E) − !γZ(0) of 0.0040+0.0011

−0.0004 at E =
1.165 GeV. A similar uncertainty would be obtained us-
ing the estimate of !V

γZ from Ref. [9], while a larger un-
certainty on the vector hadron correction was quoted in

Ref. [10]. These uncertainties can be reduced with future
PV structure function measurements at low Q2, such as
those planned at Jefferson Lab. The high precision deter-
mination of Qp

W would then allow more robust extraction
of signals for new physics beyond the Standard Model.
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γZ-Correction to the QWEAK Measurement
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Reducing Theory Uncertainty
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FIG. 1: W -dependence of the parity-violating asymmetries in
!e−H2 scattering extracted from this experiment. The asymmetries
are scaled by Q2 and compared with calculations from Ref. [24]
(dashed), Ref. [20] (dotted), Ref. [21] (solid) and the DIS esti-
mation (dash-double-dotted) using Eq. (4) with the extrapolated
MSTW2008 PDF. The error bars are statistical uncertainties, while
experimental systematic uncertainties are shown as the shaded band
at the bottom. For each of the four kinematics, calculations were per-
formed at the fixed Eb and Q2 values of Table I and with a variation
in W to match the coverage of the data.
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New data on PV DIS structure functions coming 
- PV DIS, SOLID @ JLab
- will help constraining the theory uncertainty
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FIG. 14. (Color online) Sum of resonance and background
contributions to Re !γZ for Models I and II as indicated in the
legend of the plot.

plus background) only contribute about 65% of the total.
The notation Q2 " Q2

A and W 2 " W 2
B refers to evaluating

the double integral for Im !γZ in Eq. (16) only over those
values of Q2 (W 2) that lie below Q2

A (W 2
B), respectively. After

that, the dispersion integral of Eq. (20) is evaluated without
further modifications.

In Table IV, we display the background contribution as
calculated in Models I and II for the Q-Weak kinematics. It
can be seen that the background represents both the largest
contribution and the source of the largest uncertainty. Most
notably, within the naive GVD approach (Model II), it is
completely dominated by the continuum contribution whose
isospin structure is undetermined. In the pQCD approach
(Model I), a contribution similar in strength is assigned to
the cc̄ state. However, because in this case we know exactly
how the weak boson couples to c quarks, the uncertainty is
about half the size of that for Model II. This 50% reduction is
simply because of to the fact that gc

V ≈ 1
3 = 1

2ec.
The individual resonance contributions are displayed in

Table V. It can be seen that the overall uncertainty in the
resonance contribution is dominated by the uncertainty in two
contributions, namely S11(1535) and F37(1950). The former, in
turn, is dominated by the uncertainty in the neutron transition
helicity amplitude. The heavy resonance state is not well-
determined and should be studied in greater detail to decrease
the respective uncertainty for the dispersion correction.

According to the discussion in the previous section, we
plot the result for Re !γZ and display the error bar for
this calculation in Fig. 16. For the central value, we take
the average of Model I and Model II and use the difference
between this central value and either of Model I or II as the

TABLE IV. Background contribution to the dispersion correction
to the weak charge of the proton Re!γZ at the Q-Weak energy Elab =
1.165 GeV. Results for Model I and Model II are shown.

Background

Model I (2.85 ± 0.85) × 10−3

Model II (3.49 ± 1.92) × 10−3
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FIG. 15. (Color online) Contributions of different kinematic
regions to !γZ for Model I. In the top panel, contributions from
various Q2 ranges are shown: solid curve (full result), dashed line
(Q2 < 3 GeV2 for resonance + background), dotted line (Q2 <

1 GeV2 for resonance + background). For comparison, in the top
panel we display result of integration of the resonance contribution
to !γZ over all values of Q2 (dash-dotted curve) and Q2 < 1 GeV2

(dash-double-dotted curve). In the bottom panel, contributions to !γZ

are shown that come from W 2 " 5 GeV2 (dash-double-dotted curve),
W 2 " 10 GeV2 (dash-dotted curve), W 2 " 16 GeV2 (dotted curve),
W 2 " 25 GeV2 (dashed curve), and full result (solid curve).

uncertainty owing to modeling the e.m. data. For the isospin
rotation-related uncertainty, we calculate the error within each
model as discussed before, and quote the larger of the two. We
summarize this section by quoting the result of the forward
sum rule evaluated within two models as follows:

Re !γZ(E = 1.165GeV, t = 0) =
[
5.46 ± 0.27(mod. avg.)

± 1.92(backgr.)+0.59
−0.50(res.)

]
× 10−3. (56)

The first uncertainty corresponds to averaging over the two
models, the second to the uncertainty in isospin rotating the
background, and the third to isospin rotating the resonance
contributions. A possibility of measuring the proton’s weak
charge at Mainz at a lower energy Elab = 180 MeV is under
consideration presently [47], and we quote our prediction for
the dispersion γZ correction and the respective uncertainty
for that energy,

Re !γZ(E = 0.180 GeV, t = 0) =
[
1.32 ± 0.05 (mod. avg.)

± 0.27 (backgr.)+0.11
−0.08 (res.)

]
× 10−3 . (57)

We see that the total uncertainty in Re!γZ is about six times
smaller at Elab = 180 MeV than at Elab = 1.165 GeV.

015502-16

Energy dependence;
Saturation of the box;

Qp
W + Re⇤�Z(E = 0.180 GeV) = 0.0726± 0.0008± 0.0003�Z

A measurement at Mainz with 180MeV beam is planned - MESA/P2

Steep energy dependence 
of the dispersion correction
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SUMMARY

γZ-box: 
• at low energy - smaller effect, big advantage for MESA/P2; 
• to further reduce uncertainty - include πN states explicitly
• at 1 GeV - need some more input from exp. (PVDIS, VDM sum rule)
• MOLLER@JLab:  Qᴾw could be measured as a by-product

TPE correction to Lamb shift in μ-D: 
• lack of forward data at low Q²
• extend A1@Mainz measurement of elastic e-D scattering to quasielastic 
• may need to take some further data at lower energy with P2
• further input from theory - EFT calculation?

Proton radius puzzle: 
• TPE correction unlikely to resolve the puzzle
• Check μ-He spectroscopy (PSI, Munich); μ-p scattering (MUSE); 
• Radiative corrections to e-p scattering?
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Спасибо за внимание!
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intermediate hadronic states,

⇤N |T
�
J⇤

emJµ
NCV

⇥
|N⌅ =

⌅
· · ·

⇤

X

⇤N |J⇤
em|X⌅⇤X|Jµ

NCV
|N⌅ (21)

and

⇤N |T [J⇤
emJµ

em] |N⌅ =
⌅

· · ·
⇤

X

⇤N |J⇤
em|X⌅⇤X|Jµ

em|N⌅ (22)

respectively. Calculating such matrix elements in general case represents fundamental di⇧culty, since in QCD, the
basis for intermediate states X is infinite and non-perturbative. Under certain kinematical conditions, one can organize
this basis into leading and subleading (kinematically suppressed) sub-sets. At high energy and Q2, and finite Bjorken
x, the leading set of states is X = q + X ⇥, and to leading order in 1/Q X ⇥ is a spectator, thus e.m. (weak) current
probes directly a single quark within the nucleon, and gives access to the parton distribution functions in DIS. At
high energy and Q2, and small x, however, the picture changes, as the leading set is X = q̄q + N . In this regime, the
photon polarizes the QCD vacuum at the periphery of the hadron, and the resulting q̄q-pair forms a color dipole that
interacts with thte nucleon. This latter picture was first realized in the Vector Meson Dominance model (VDM) that
capitalized on the fact that vector mesons and photon have the some quantum numbers, so the latter can fluctuate
into former ones [8, 9]. With the advent of QCD, one can perform microscopic calculations in the Color Dipole Pisture
(CDP) using perturbative techniques. At low energies, the relevant degrees of freedom are hadronic (that is, highly
non-perturbative), X = N, ⌅N, ⌅⌅N,N�,� etc.

If data for �Z interference cross section existed throughout all these distinct regimes, we would not need to know
details of any of the aforementioned models. Unfortunately, no or very poor data on PVDIS exist. Instead, one may
try to make use of extensive data sets for real and virtual photoabsorption that exist through vast kinematical region
in energy and Q2. To do this, one has to establish relation between matrix elements ⇤X|Jµ

em|N⌅ and ⇤X|Jµ
NC |N⌅. In

Standard Model, Z and � couplings to the quarks are related by means of a simple isospin rotation,

Jµ
em = qI=0Jµ

I=0 + qI=1Jµ
I=1 + qsJµ

s

Jµ
NCV

= gI=0
V Jµ

I=0 + gI=1
V Jµ

I=1 + gs
V Jµ

s , (23)

with

Jµ
I=0 =

1⌃
2
(ū�µu + d̄�µd)

Jµ
I=1 =

1⌃
2
(ū�µu� d̄�µd)

Jµ
s = s̄�µs (24)

and the e.m. charges given by qI=0 = 1
3
⇤

2
, qI=1 = 1⇤

2
, qs = � 1

3 , qs = 2
3 , whereas the weak charges are gI=0

V =
� 1⇤

2
4
3s2⇥W , gI=1

V = 1⇤
2
(2� 4s2⇥W ), gs

V = �1 + 4
3s2⇥W .

This isospin decomposition is used to relate weak proton form factors to the proton and neutron electromagnetic
form factors,

⇤p|Jµ
NC,V |p⌅ = (1� 4s2⇥W )⇤p|Jµ

em|p⌅ � ⇤n|Jµ
em|n⌅ (25)

where we neglected strangeness contributions. The above relation is valid for I = 1
2 resonances, as well.

⇤X|Jµ
NC,V |p⌅ = (1� 4s2⇥W )⇤X|Jµ

em|p⌅ � ⇤X|Jµ
em|n⌅ (26)

It is then straightforward to relate the contribution of a resonance R with isospin 1/2 to the interference �Z ”cross
section” to its contribution to the electromagnetic cross section:

⇤p|Jµ
em|R⌅⇤R|Jµ

NC,V |p⌅ = (1� 4s2⇥W )|⇤R|Jµ
em|p⌅|2 � ⇤p|Jµ

em|R⌅⇤R|Jµ
em|n⌅ (27)

We next use the definition of the transition helicity amplitudes,

Ap(n)
R,1/2 = ⇤R,⇥R = 1/2|Jµ

em(⇤� = 1)|p(n),⇥N = �1/2⌅

Ap(n)
R,3/2 = ⇤R,⇥R = 3/2|Jµ

em(⇤� = 1)|p(n),⇥N = 1/2⌅

Sp(n)
R,1/2 = ⇤R,⇥R = 1/2|Jµ

em(⇤� = 0)|p(n),⇥N = 1/2⌅ (28)

Isospin 1/2, 3/2 resonances
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Rescale each I=1/2 resonance from e.-m. to γZ cross section as
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and the connection ⌃p(n),R
T ⇤ |Ap(n)

R,1/2|2 + |Ap(n)
R,3/2|2 and ⌃p(n),R

L ⇤ |Sp(n)
R,1/2|2 to write

⌅R
Z/� ⇥

⌃�Z,p
T,R

⌃��p
T,R

= (1� 4s2⇤W )�
Ap

R,1/2A
n�
R,1/2 + Ap

R,3/2A
n�
R,3/2

|Ap
R,1/2|2 + |Ap

R,3/2|2 (29)

As we notice, the ratio of the interference and electromagnetic cross sections is sensitive not only to the absolute
value of the transition amplitudes, but also to the relative phase between the proton and neutron transition. The total
cross section fits as in [14, 23] do not access this information, therefore we turn to models of baryons that provide
all the information on the individual helicity channels, in particular the constituent quark model of Isgur-Karl. Ref.
[32] quotes the results of the model for the transition helicity amplitudes as compared to the experimental values (cf.
Table VII). For the resonances of isospin 3/2, the transition is purely isovector, and the ratio of the cross sections is
given by gI=1

V
qI=1 = 2(1 � 2 sin2 ⇤W ). Using the value of the weak mixing angle sin ⇤W = 0.23118 [21] and the helicity

amplitudes from [32] as input, we obtain the following estimates: 1

P33(1232) S11(1535) D13(1520) S11(1665) F15(1680) P11(1440)

⇥R
Z/� 1.075 0.885 0.938 0.473 0.35 0.745

TABLE I: Ratios of interference to electromagnetic cross sections for di�erent resonances.

Vector Meson Dominance Model (VDM) capitalizes on the fact that the photon (Z-boson) has the same quantum
numbers as vector mesons and can be represented as a superposition of a few vector mesons,

|�⌃ =
�

V =⇥,⌅,⇤,...

|V ⌃. (30)

In the naive VDM, these three channels cannot mix among each other, and one obtains a prediction for the ratios
of the cross sections of ⇧/�⌥ production:

⌃��p⇥⇥p : ⌃��p⇥⌅p : ⌃��p⇥⇤p = 1 :
(qI=0)2

(qI=1)2
:

(qs)2

(qI=1)2
= 1 :

1
9

:
2
9

(31)

Apart from the SM isospin decomposition, the above prediction relies on the assumption of the flavor-blindness of
the V N interaction, an assumption supported in the color dipole picture (CDP) that makes a natural connection of
VDM with perturbative QCD and provides a good description of low-x DIS data. The predictions of Eq. (31) were
confronted to the experimental data at high energies and for Q2 that ranged from zero to a few GeV2 [33] and showed
a very good agreement for the �/⇧ ratio, while for the ⌥/⇧ ratio the agreement was not as good.

Accomodating these two assumptions here, we obtain the following ratio of the high energy (”VDM”) contributions
to ��p ⇧ Zp and ��p ⇧ ��p cross sections:

⌃��p⇥Zp

⌃��p⇥��p
⌅ gI=1

V qI=1⌃⇥p + gI=0
V qI=0⌃⌅p + gs

V qs⌃⇤p

(qI=1)2⌃⇥p + (qI=0)2⌃⌅p + (qs)2⌃⇤p

⌅ gI=1
V qI=1 + gI=0

V qI=0 + gs
V qs

(qI=1)2 + (qI=0)2 + (qs)2
=

5
6

+
7
6
(1� 4 sin2 ⇤W ) ⌅ 0.92 (32)

V. RESULTS FOR RE��Z

We are now in the position to present results for ⇥�Z in the forward direction using the sum rule of Eqs. (16,17),
the models I,II, and III for the electromagnetic cross sections along with the isospin considerations provided in the

1 In addition to the resonances quoted in Table I, a broad resonance with mass ⇡ 1.9 GeV was included in the fit of Ref. [23]. It features
a very mild monopole form factor that in principle raises a question of whether this contributions should be considered as part of the
background where monopole form factors arise naturally in the VDM picture. Due to lack of any solid identification, we assign the
isospin 3/2 to this resonance (which also reflects the isovector dominance in the VDM regime).

Isospin rotation of e.-m. data: resonances
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FIG. 10: Comparison of the x-dependence of the DIS struc-
ture function F2(x, Q2) at fixed Q2 and as a function of x,
in GVD/CDP model of [37] (solid lines) and the naive GVD
model of [39] (dashed lines) to the low-x DIS data of H1 Col-
laboration [33]. The experimental errors are not shown.

P33(1232) S11(1535) D13(1520) S11(1665) F15(1680) P11(1440) F37(1950)

yR -1.0�0.1
+0.1 -0.51�0.71

+0.35 -0.77�0.125
+0.125 -0.28�0.86

+0.45 -0.27�0.12
+0.1 -0.62�0.2

+0.19 -1�1
+1

TABLE III: Ratios yR with respective uncertainties for seven
resonances.

The above relation is valid for transitions to I = 1
2

resonances, as well:

⇤X|Jµ
NC,V |p⌅ = (1� 4s2⇤W )⇤X|Jµ

em|p⌅ � ⇤X|Jµ
em|n⌅ .(33)

It is then straightforward to relate the contribution of
a resonance R with isospin 1/2 to the interference �Z
cross section entering Eq. (16) to its contribution to the
electromagnetic cross section:

⇤p|Jµ
em|R⌅⇤R|Jµ

NC,V |p⌅ = (1� 4s2⇤W )|⇤R|Jµ
em|p⌅|2

� ⇤p|Jµ
em|R⌅⇤R|Jµ

em|n⌅ (34)

Consequently, for each resonance, we define two ratios
describing the relative strength of its contribution to the
�Z-interference cross sections ⇧�Z,p

T (L),R with respect to the

purely electromagnetic ones ⇧�p
T (L),R as

⌅R
Z/�(Q2) ⇥

⇧�Z,p
T,R

⇧�p
T,R

⇥R
Z/�(Q2) ⇥

⇧�Z,p
L,R

⇧�p
L,R

(35)

In the Appendix A we discuss in detail the Q2-
dependence of these ratios, as well as the ratios of the
longitudinal cross sections ⇥R

Z/� . Basing on the discus-
sion in Appendix A, we will use the value

⌅R
Z/�(Q2) =

�
1� 4s2⇤W (0)

⇥
� yR = const. , (36)

to rescale the contribution of a resonance R to both trans-
verse and longitudinal cross section. Possible discrepan-
cies (which, if known, are model-dependent) from this

Uncertainties - from PDG helicity amplitudes values
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�

V =⇥,⌅,⇤

⇥

16⇤
4⇤�

f2
V

d⌅�p�V p

dt
(t = 0)

ZEUS: Z.Phys.’95,’96, PLB’96HERA: NPB’ 02
139± 4 (µb) ⇥ 111± 13 (µb) at W = 70 GeV

Measured 
experimentally

⇤�p
tot =

�

V =⇥,⌅,⇤

4⇥�

f2
V

⇤V p + ⇤CpGeneralized VDM - continuum contribution
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Isospin rotation of e.-m. data: background



Isospin rotation of e.-m. data: background
Rescale the background according to

��⇤p!Zp

��⇤p!�⇤p
=

gI=1
V

eI=1
+ gI=0

V
eI=0

��⇤p!!p

��⇤p!⇢p + gs
V

es

��⇤p!�p

��⇤p!⇢p + X0

��⇤p!⇢p

1 + ��⇤p!!p

��⇤p!⇢p + ��⇤p!�p

��⇤p!⇢p + X
��⇤p!⇢p

��⇤p!V p

��⇤p!⇢p
=

rV

r⇢

m4
V

m4
⇢

(m2
⇢ + Q2)2

(m2
V + Q2)2

VDM:  identify X(X’) with continuum
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Continuum - 100%  uncertainty

Uncertainty estimate - from data!
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Bosted's S11, D13: κᴾ ≈ 0

PDG S11, D13: κᴾ about right

 Correcting input in γZ-calculation
Strong indication that S11 and D13 are misidentified in Bosted’s fit!

PDG: D12(1520) : Ap
3/2 = 150(15)GeV�1/2, Ap

1/2 = �24(9) GeV�1/2

S11(1535) : Ap
3/2 = 0, Ap

1/2 = 90(30)GeV�1/2

Bosted: D12(1520) :
q

(Ap
3/2)2 + (Ap

1/2)2 ⇠ 17 GeV�1/2

S11(1535) : Ap
1/2 ⇠ 170 GeV�1/2

Correcting the fit for more 
realistic strengths of these 
resonances would reduce 
the uncertainty due to isospin 
rotation of the resonances


